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Neural networks and differential equations

o Use (applied) mathematics to improve understanding of
and computations with neural networks

o Use neural network to improve simulation of differen-
tial equations (and in general the solution of problems in
numerical analysis)

homas Richter and Christian Lessig, 2021
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What is a neural network?

> Nonlinear mapping of the form

N=L;oL; y0---0lLyo0 L
with layers

Lj ; hj+1 :O'(thj +b]) Wj c R™Mxn
T bj c R™

Element-wise nonlinearity,
e.g. sigmoid

homas Richter and Christian Lessig, 2021



What is a neural network?

o Nonlinearity
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What is a neural network?
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What is a neural network?
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What is a neural network?
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What is a neural network?
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What is a neural network?
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What is a neural network?

> Nonlinear mapping of the form

N: LJOLJ_l O - - OL2 OLl

with layers

Lj : J+1 —O'.h —|—.

Parameters that are |learned /
fitted to data

homas Richter and Christian Lessig, 2021
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What is a neural network?

> Training of neural network using data D = {x;, y;

argmin Lg(D; 0)
OERT™
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What is a neural network?

> Training of neural network using data D = {x;, y;

argmin Lg(D; 0)
OERT™
\

Weight matrices and bias vectors
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What is a neural network?

> Training of neural network using data D = {x;, y;

argmin Lg(D; 0)
OERT™

with loss function

Lo(D;0)

homas Richter and Christian Lessig, 2021
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What is a neural network?

> Training of neural network using data D = {x;, y;

argmin Lg(D; 0)
OERT™

Objective:

Good performance on unseen data
from the same distribution as D.

homas Richter and Christian Lessig, 2021
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What is a neural network?

o Classification:
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What is a neural network?

> Neural net is nonlinear map
» Between vector spaces / manifolds

» Consists of simple building blocks with simple
nonlinearity

» Linear superposition (as in bases, frames) is
replaced by nonlinear composition

homas Richter and Christian Lessig, 2021
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Neural nets as ordinary differential equations
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Neural nets as ordinary differential equations

o Residual neural network

L; : hjy1 =hj +o(W;h; +b;)

[1] K. He, X. Zhang, S. Ren, and J. Sun. Deep residual learning for image recognition. In Proceedings of the IEEE Conference on Computer Vision and
Pattern Recognition (CVPR), June 2016.

homas Richter and Christian Lessig, 2021
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Neural nets as ordinary differential equations

o Residual neural network
L; : hjy1 =hj +aoc(W;hj+bj)
With o« = At
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Neural nets as ordinary differential equations

o Residual neural network
Lj : hj_|_1 — hj —+ OéO'(thj —+ bj)

With o« = At a layer is an explicit Euler step of the
nonlinear ordinary differential equation

ht) = o (W (t)h(t) + b(t))
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Neural nets as ordinary differential equations

o Residual neural network
L; : hjy1 =hj +aoc(W;hj+bj)

With o« = At a layer is an explicit Euler step of the
nonlinear ordinary differential equation

ht) = o (W (t)h(t) + b(t))

W. E. A proposal on machine learning via dynamical systems. Communications in Mathematics and Statistics, 5(1):1-11, 2017.

R. T. Q. Chen, Y. Rubanova, J. Bettencourt, and D. Duvenaud. Neural Ordinary Differential Equations. NIPS 2018, jun 2018.
E. Haber and L. Ruthotto. Stable architectures for deep neural networks. Inverse Problems, 34(1):014004, dec 2017.

homas Richter and Christian Lessig, 2021



Neural nets as ordinary differential equations
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Neural nets as ordinary differential equations
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Neural nets as ordinary differential equations
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Neural nets as ordinary differential equations

Input

7

A

//4‘\»

0
XN
Qv

=\

A \4\%\
S
7 AQ.MN%M \\&ib

7
XS

A

hj -+ AlfO'(thj + bj) <

s

AN
X)

NS

e
K
ve

N

XA\K
/w««wA\ %
\:.\\

RN
»«..@.,"\«

20

7

»"/

/49’»0«' /X

(D
XY /40‘\ ’
,.w%»o"/‘\ WX

77

%

YA

e
% w»f 7
s \WY

(X

A
R

WA
v

Y

-~

output

37

© Thomas Richter and Christian Lessig, 2021



Neural nets as ordinary differential equations

o Higher order / implicit time integration schemes (e.g.
[Chen et al. 2018])

o Stability (e.g. [Haber and Ruthotto 2017])
- Gradient computation (e.g. [E 2017], [Chang et al. 2018])
> Optimization / parameter estimation (e.g. [Li et al. 2017])

W. E. A proposal on machine learning via dynamical systems. Communications in Mathematics and Statistics, 5(1):1-11, 2017.
R. T. Q. Chen, Y. Rubanova, J. Bettencourt, and D. Duvenaud. Neural Ordinary Differential Equations. NIPS 2018, jun 2018.
E. Haber and L. Ruthotto. Stable architectures for deep neural networks. Inverse Problems, 34(1):014004, dec 2017.

Q. Li, L. Chen, C. Tai, and E. Weinan. Maximum principle based algorithms for deep learning. J. Mach. Learn. Res., 18(1):5998-6026, Jan. 2017.
B. Chang, L. Meng, et al.. Reversible architectures for arbitrarily deep residual neural networks. In AAAI Conference on Artiticial Intelligence, 2018.

homas Richter and Christian Lessig, 2021 38



Neural nets as ordinary differential equations

o Stability:
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Neural nets as ordinary differential equations

o Stability:
lyo(T) — 5o(T)|| < M|lye(0) — 3 (0)|

Objective:

Good performance on unseen data
from the same distribution as D.
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Neural nets as ordinary differential equations

We want good performance on perturbations of the
training data!
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Neural nets as ordinary differential equations

We want good performance on|perturbations|of the

training data!
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Neural nets as ordinary differential equations

o Simple example with 20 layers given by:
Lj . hj_|_1 — hj —+ OéO'(thj —+ b])

hj - R* o = tanh
a = 0.1 bj — (O,O)T

homas Richter and Christian Lessig, 2021
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Neural nets as ordinary differential equations

o Stability = generalization
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Neural nets as ordinary differential equations

o Stability = generalization

o Stability is necessary condition for well posedness of

(inverse) learning problem = vanishing / exploding gra-
dients

homas Richter and Christian Lessig, 2021
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Neural nets as ordinary differential equations

o Neural networks that are intrinsically stable:
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Neural nets as ordinary differential equations
o Neural networks that are intrinsically stable:

Conservation of energy:
. 0 —1
_ (1 : ) VE @
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Neural nets as ordinary differential equations

o Neural networks that are intrinsically stable:

U K
Lj ) hj_|_1 — hj +— O ((—Kj 0‘7> hj +b])

E. Haber and L. Ruthotto. Stable architectures for deep neural networks. Inverse Problems, 34(1):014004, dec 2017.

homas Richter and Christian Lessig, 2021

S/



Extension to partial differential equations
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Extension to partial differential equations

output

.
D
Q

=

<

AN
X)

X

/)

A

(L

W

A

/)

AV

Ve
AR,
ML

AN

W

S

e

7

7

U\
% . %«&A’W %««
/)

X

S

i, "
Wex

R

AV

S04

S
Y

X

w:»
X
o

’»&"
\
/7

o
WA
o

N

PO /55
AN,

S\

4
A

AR

A \\
X »
AW/

A,

'%

v

\
X

59

© Thomas Richter and Christian Lessig, 2021



Extension to partial differential equations

output

.
D
Q

=

<

AN
X)

X

/)

A

()

W

al

/)

AV

S %7\
{».%&A 2

\/

W

Ay 4
o apsee
% ‘
X/

\

4

A\

T NKK
5 «&.%% Vi

PR

\0.0\4'
>
7

XK

S
Y

X

R
(7 4'0‘

W% :Qé
(

’»&"
\
/7

3
SO

NE
AN,

S\

4
A

%

Q w,:sw

N

Yy

7

%

%o

A,

X\

60

© Thomas Richter and Christian Lessig, 2021



Extension to partial differential equations
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Extension to partial differential equations
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Extension to partial differential equations

> Neural nets as discretization of partial differential equations

» Inputs and layers as spatial discretization (finite difter-
ence, Galerkin projection, ...)

homas Richter and Christian Lessig, 2021
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Extension to partial differential equations

> Neural nets as discretization of partial differential equations

» Inputs and layers as spatial discretization (finite difter-
ence, Galerkin projection, ...)

» Hyperbolic, parabolic, ... PDEs

L. Ruthotto and E. Haber. Deep neural networks motivated by partial differential equations. Journal of Mathematical Imaging and Vision, 62(3):352-364, 2020.

homas Richter and Christian Lessig, 2021
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Extension to partial differential equations

o 3 channel convolution ot 1D signal.:

05 * Y yGR”,HZ-GRg
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Extension to partial differential equations

o 3 channel convolution ot 1D signal.:

1 1 1

1 “an Tar\ [P 01
1 2

5 U %) b2 | = 0
1 1 1

1 a3 2/ \Pa U3

Non-singular for h > 0
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Extension to partial differential equations

o 3 channel convolution ot 1D signal.:
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Extension to partial differential equations

o 3 channel convolution ot 1D signal.:
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Extension to partial differential equations

o 3 channel convolution ot 1D signal.:

; —a 01 01
> 0 b2 | = 0
; 5r 03 03
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Benign overtitting

Test risk

N

- lraining risk
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M. Belkin, D. Hsu, S. Ma, and S. Mandal. Reconciling modern machine-learning prac
tice and the classical bias-variance trade-off. PNAS, 116(32):15849-15854, 2019.
Risk

—
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— e d

M. Belkin, S. Ma, and S. Mandal. To understand deep learning we need to understand kernel learning. In J. Dy and A. Krause, editors, Proceedings of the 35th
International Conference on Machine Learning, volume 80 of Proceedings of Machine Learning Research, pages 541-549. PMLR, 10-15 Jul 2018.

M. Belkin, D. Hsu, S. Ma, and S. Mandal. Reconciling modern machine-learning practice and the classical bias-variance trade-oft. Proceedings of the National
Academy of Sciences, 116(32):15849-15854, 2019.

P. L. Bartlett, P. M. Long, G. Lugosi, and A. Tsigler. Benign overfitting in linear regression. Proceedings of the National Academy of Sciences, 2020.
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Benign overtitting

robust convergence
of training

Test risk

- lraining risk

N

\
——

M. Belkin, D. Hsu, S. Ma, and S. Mandal. Reconciling modern machine-learning prac
tice and the classical bias-variance trade-off. PNAS, 116(32):15849-15854, 2019.
Risk
| | | |

capacity of model

M. Belkin, S. Ma, and S. Mandal. To understand deep learning we need to understand kernel learning. In J. Dy and A. Krause, editors, Proceedings of the 35th
International Conterence on Machine Learning, volume 80 of Proceedings of Machine Learning Research, pages 541-549. PMLR, 10-15 Jul 2018.

M. Belkin, D. Hsu, S. Ma, and S. Mandal. Reconciling modern machine-learning practice and the classical bias-variance trade-oft. Proceedings of the National
Academy of Sciences, 116(32):15849-15854, 2019.

P. L. Bartlett, P. M. Long, G. Lugosi, and A. Tsigler. Benign overfitting in linear regression. Proceedings of the National Academy of Sciences, 2020.
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Benign overtitting

Test risk

-~ lraining risk:

N
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interpolation threshold

M. Belkin, D. Hsu, S. Ma, and S. Mandal. Reconciling modern machine-learning prac
tice and the classical bias-variance trade-off. PNAS, 116(32):15849-15854, 2019.
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M. Belkin, S. Ma, and S. Mandal. To understand deep learning we need to understand kernel learning. In J. Dy and A. Krause, editors, Proceedings of the 35th
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Benign overtitting

o Model:
Yy = a1 + ap
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Benign overtitting

o Model:
Yy = a1 + ap

o Loss function:
" 2
L(0) = Z 7 — y(z5)|
1—=1
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o Model:

o Loss function:
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with optimization
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with optimization + regularization
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with optimization + regularization
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Conclusion and Outlook

o "Classical” mathematial tools can be useful to model and
understand neural networks

» Neural networks as ODEs ana PDEs (stability, gradient
computation, training, ...)

» Benign overtitting
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o Still significant gap between theory and practice
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Questions?

http://graphics.cs.uni—-magdeburg.de/
teaching/2021/imprs
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