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Objective

G

f̂ 2 L2

(
[0, 1]2

)

f 2 H ⇢ L2, dim(H) < 1

Rectilinear transport in 
known scene

minimal # of rays for 

◦ ◦ Superresolution
◦ ◦ Progressive
◦ ◦ Varying resolution
◦ ◦ Parallelizable

kf̂ − fk . N�↵
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Plan of attack

1.	What’s the cost of the last bounce?

2.	But what has this to do with sampling?

3.	And what about the function space?

4.	How many rays do we need? 

5.	What has all of this to do with deep learning?
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What’s the cost of the last bounce?

C = N · Cp

Cost per 
pixel

Number of 
pixels
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compression

100% 8.48%

✏rel = 6.44⇥ 10�4
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Number of “pixels“

compression

100%

◦ ◦ wavelets (quasi)
◦ ◦ curvelets
◦ ◦ shearlets
◦ ◦ contourlets
��f̂ � f

�� . N�↵
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(
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)
Locality: varying resolution Hierarchical: 

progressive
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Number of “pixels“

f(x) =
X

i2U⇢rZ2

fi �i(x)

f(x) =
X

i2I
fi  i(x) ⇡

(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
depends on 

image function



32© Christian Lessig, 2016

Computational costs

C = N · Cp

Cost per 
pixel

Number of 
“pixels”



33© Christian Lessig, 2016

Computational costs

C = N · Cp

Cost per 
pixel

Number of 
“pixels”

minimize by

◦ ◦ Use sparse, adaptive 
image representation
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Cost per “pixel”
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pseudo
inverse
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Example: wavelet basis

Multi-res structure: can be solved in O(n) time using multi-grid.

optimal
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C = N · Cp

Cost per 
pixel

Number of 
“pixels”

◦ ◦ Use sparse, adaptive 
image representation

◦ ◦ Use at least n samples
◦ ◦ Solve using multi-grid

minimize by

What’s the cost of the last bounce?
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f(x) = Lout(x)

n
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But what has this to do with sampling?
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f(x) = Lout(x)
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f(x) = Lout(x)

�xi
(f) ⇡ �xi

(f̂) is a continuous functional�x

 with       a “reasonable“ function spacef 2 H f 2 H

n
f(xi)

o
=

n
�xi

(f)
o

|{z}
f̄(xi)f = f̂ + ✏

But what has this to do with sampling?
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8x̄ 2 X, 9kx̄(x) 2 H(X) :
D
kx̄(x) , f(x)

E
= f(x̄)

Reproducing kernel Hilbert spaces

reproducing kernel

is Hilbert and �xi
(f) ⇡ �xi

(f̂)continuous, then H(X)
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8x̄ 2 X, 9kx̄(x) 2 H(X) :
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E
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Reproducing kernel Hilbert spaces
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(f̂)continuous, then H(X)
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Reproducing kernel Hilbert spaces
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Reproducing kernel Hilbert spaces
�
�i

 
, �i 2 XLet                     s. t.

span
(
k�i

(x)
)
= H(X)

�
k�i

(x)
 

forms a basis / frame for span
(
k�i

(x)
)
= H(X)

f(x) =

NX

i=1

fi k�i(x)
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◦ ◦ optimal reconstruction kernels
◦ ◦ designed for non-bandlimited signals
◦ ◦ designed for non-uniform locations
◦ ◦ allows to optimize sampling locations

f(x) =

NX

i=1

f(�i) k̃i(x) sampling theorem 
for sparse image 
representation

f(x) =

NX

i=1

fi �i(x)

f̄(xi) = B f̄i

f̄i = B+f̄(xi)

But what has this to do with sampling?



136© Christian Lessig, 2016

Recipe

1.	Find (approximate) tight function space

2.	Sample function

3.	Construct reproducing kernel basis



137© Christian Lessig, 2016

Recipe

1.	Find (approximate) tight function space

2.	Sample function

3.	Construct reproducing kernel basis



138© Christian Lessig, 2016

And what’s the right space?

f(x) =
X

i2I
fi  i(x) ⇡

(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)



139© Christian Lessig, 2016

x

And what’s the right space?



140© Christian Lessig, 2016

x

And what’s the right space?



141© Christian Lessig, 2016

x

And what’s the right space?



142© Christian Lessig, 2016

x

⇡
(
2�lk, 2l⇠

)
And what’s the right space?



143© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



144© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



145© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?
⇡

(
2�lk, 2l⇠

)

x

And what’s the right space?



146© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



147© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



148© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



149© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



150© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



151© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



152© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



153© Christian Lessig, 2016

f(x) =
X

i2I
fi  i(x) ⇡

(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)

And what’s the right space?



154© Christian Lessig, 2016

f(x) =
X

i2I
fi  i(x) ⇡

(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
depends on 

image function

And what’s the right space?



155© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

And what’s the right space?



156© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

x

I

And what’s the right space?



157© Christian Lessig, 2016

Image generation 



158© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)



159© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)



160© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



161© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



162© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



163© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



164© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



165© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



166© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
⇡

(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



167© Christian Lessig, 2016

Image generation 



168© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)



169© Christian Lessig, 2016

⇡
(
2�lk, 2l⇠

)

Image generation 



170© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



171© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



172© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



173© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



174© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



175© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



176© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



177© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



178© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2

curvelet / shearlet / contourlet



179© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2

curvelet / shearlet / contourlet



180© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



181© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



182© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



183© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



184© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



185© Christian Lessig, 2016

Image generation 

⇡
(
2�lk, 2l⇠

)

⇡
(
2�lk, 2l⇠

)
1

⇡
(
2�lk, 2l⇠

)
2



186© Christian Lessig, 2016

Image generation 



187© Christian Lessig, 2016

Image generation 



188© Christian Lessig, 2016

Image generation 



189© Christian Lessig, 2016

Image generation 



190© Christian Lessig, 2016

Image generation 



191© Christian Lessig, 2016

Image generation 



192© Christian Lessig, 2016

Image generation 



193© Christian Lessig, 2016

Image generation 



194© Christian Lessig, 2016

Image generation 



195© Christian Lessig, 2016

Image generation

1.	Find (approximate) tight function space

2.	Sample function

3.	Construct reproducing kernel basis
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How many rays do we need?

1.	Find (approximate) tight function space

2.	Sample function

3.	Construct reproducing kernel basis

» As many as there are nonzero coefficients in the sparsest 
signal representation (times a small constant). «

Recipe:
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What has this all to do with deep learning?

H. W. Lin and M. Tegmark, Why 
does deep and cheap learning 
work so well?, Aug. 2016.
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M. A. Ranzato, A. Krizhevsky, and 
G. E. Hinton, Factored 3-Way Re-
stricted Boltzmann Machines For 
Modeling Natural Images, in AI-
STATS2010, 2010.
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J. Ma and G. Plonka, “The Curvelet Transform,” IEEE Signal Process. Mag., vol. 27, no. 2, 
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from (M. A. Ranzato, A. Krizhevsky, and G. E. Hinton, “Factored 3-Way Restricted Boltz-
mann Machines For Modeling Natural Images,” in AISTATS2010, 2010.

J. Ma and G. Plonka, “The Curvelet Transform,” IEEE Signal Process. Mag., vol. 27, no. 2, 
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What has this all to do with deep learning?

from (M. A. Ranzato, A. Krizhevsky, and G. E. Hinton, “Factored 3-Way Restricted Boltz-
mann Machines For Modeling Natural Images,” in AISTATS2010, 2010.

J. Ma and G. Plonka, “The Curvelet Transform,” IEEE Signal Process. Mag., vol. 27, no. 2, 
pp. 118–133, Mar. 2010.

Deep learning Local frequency analysis

Explanation:
Renormalization group
E.g. P. Mehta and D. J. Schwab, “An exact mapping between the Variational Renor-
malization Group and Deep Learning,” Oct. 2014.
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pp. 118–133, Mar. 2010.

Deep learning Local frequency analysis

Explanation:
Renormalization group

Explanation:
Microlocal analysis

E.g. P. Mehta and D. J. Schwab, “An exact mapping between the Variational Renor-
malization Group and Deep Learning,” Oct. 2014.

E.g. E. J. Candès and D. L. Donoho, “Continuous curvelet transform: I. Resolution of 
the Wavefront Set,” Appl. Comput. Harmon. Anal., vol. 19, no. 2, pp. 162–197, Sep. 
2005.
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E.g. P. Mehta and D. J. Schwab, “An exact mapping between the Variational Renor-
malization Group and Deep Learning,” Oct. 2014.

E.g. E. J. Candès and D. L. Donoho, “Continuous curvelet transform: I. Resolution of 
the Wavefront Set,” Appl. Comput. Harmon. Anal., vol. 19, no. 2, pp. 162–197, Sep. 
2005.

Quasi eigenfunctions for 
light transport
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What has this all to do with deep learning?

from (M. A. Ranzato, A. Krizhevsky, and G. E. Hinton, “Factored 3-Way Restricted Boltz-
mann Machines For Modeling Natural Images,” in AISTATS2010, 2010.

J. Ma and G. Plonka, “The Curvelet Transform,” IEEE Signal Process. Mag., vol. 27, no. 2, 
pp. 118–133, Mar. 2010.

Deep learning Local frequency analysis

Explanation:
Renormalization group

Explanation:
Microlocal analysis

E.g. P. Mehta and D. J. Schwab, “An exact mapping between the Variational Renor-
malization Group and Deep Learning,” Oct. 2014.

E.g. E. J. Candès and D. L. Donoho, “Continuous curvelet transform: I. Resolution of 
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Connection?

Quasi eigenfunctions for 
light transport

Connection?
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What has this all to do with deep learning?

from (M. A. Ranzato, A. Krizhevsky, and G. E. Hinton, “Factored 3-Way Restricted Boltz-
mann Machines For Modeling Natural Images,” in AISTATS2010, 2010.

J. Ma and G. Plonka, “The Curvelet Transform,” IEEE Signal Process. Mag., vol. 27, no. 2, 
pp. 118–133, Mar. 2010.

Deep learning Local frequency analysis

Explanation:
Renormalization group

Explanation:
Microlocal analysis

E.g. P. Mehta and D. J. Schwab, “An exact mapping between the Variational Renor-
malization Group and Deep Learning,” Oct. 2014.

E.g. E. J. Candès and D. L. Donoho, “Continuous curvelet transform: I. Resolution of 
the Wavefront Set,” Appl. Comput. Harmon. Anal., vol. 19, no. 2, pp. 162–197, Sep. 
2005.

Quasi eigenfunctions for 
light transport

Fredenhagen and co-workers:
the renormalization groups arise 

from microlocal analysis
E.g. R. Brunetti, M. Dütsch, and K. Fredenhagen, “Perturbative algebraic quantum 
field theory and the renormalization groups,” Adv. Theor. Math. Phys., vol. 13, no. 5, 
pp. 1541–1599, 2009.
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How many rays do we need?

1.	Find (approximate) tight function space

2.	Sample function

3.	Construct reproducing kernel basis

» As many as there are nonzero coefficients in the sparsest 
signal representation (times a small constant). «

Recipe:
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Reproducing kernel Hilbert spaces
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wi f(xi)
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