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  ◦ Superresolution
  ◦ Progressive
  ◦ Varying resolution
  ◦ Parallelizable
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Number of “pixels“

compression

100%

  ◦ wavelets (quasi)
  ◦ curvelets
  ◦ shearlets
  ◦ contourlets
f̂  f

 . N↵
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Computational costs

C = N · Cp

Cost per 
pixel

Number of 
“pixels”

minimize by

  ◦ Use sparse, adaptive 
image representation
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Computational costs

last 

bounce

C = N · Cp

Cost per 
pixel

Number of 
“pixels”

  ◦ Use sparse, adaptive 
image representation

  ◦ Use at least n samples
  ◦ Solve using multi-grid

minimize by
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Another perspective
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8x̄ 2 X, 9kx̄(x) 2 H(X) :
D
kx̄(x) , f(x)

E
= f(x̄)

Reproducing kernel Hilbert spaces
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is Hilbert and xi
(f) ⇡ xi

(f̂)continuous, then H(X)
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  ◦ allows to optimize sampling locations

last 

bounce



138© Christian Lessig, 2016

Recipe

1. Find (approximate) tight function space

2. Sample function

3. Construct reproducing kernel basis



139© Christian Lessig, 2016

Recipe



140© Christian Lessig, 2016

Recipe



141© Christian Lessig, 2016

Reproducing kernel Hilbert spaces

Z

X

f(x) dx =

Z

X

NX

i=1

f(xi)k̃i(x) dx

=
NX

i=1

f(xi)

Z

X

k̃i(x) dx

| {z }
wi

=
NX

i=1

wi f(xi)



142© Christian Lessig, 2016

Reproducing kernel Hilbert spaces

Z

X

f(x) dx =

Z

X

NX

i=1

f(xi)k̃i(x) dx

=

NX

i=1

f(xi)

Z

X

k̃i(x) dx

| {z }
wi

=
NX

i=1

wi f(xi)



143© Christian Lessig, 2016

Reproducing kernel Hilbert spaces

Z

X

f(x) dx =

Z

X

NX

i=1

f(xi)k̃i(x) dx

=
NX

i=1

f(xi)

Z

X

k̃i(x) dx

| {z }
wi

=
NX

i=1

wi f(xi)



144© Christian Lessig, 2016

Reproducing kernel Hilbert spaces

Z

X

f(x) dx =

Z

X

NX

i=1

f(xi)k̃i(x) dx

=
NX

i=1

f(xi)

Z

X

k̃i(x) dx

| {z }
wi

=
NX

i=1

wi f(xi)



145© Christian Lessig, 2016

Reproducing kernel Hilbert spaces

Z

X

f(x) dx =

Z

X

NX

i=1

f(xi)k̃i(x) dx

=
NX

i=1

f(xi)

Z

X

k̃i(x) dx

| {z }
wi

=
NX

i=1

wi f(xi)



146© Christian Lessig, 2016

Recipe

1. Find (approximate) tight function space

2. Sample function

3. Construct reproducing kernel basis



147© Christian Lessig, 2016

Recipe

1. Find (approximate) tight function space

2. Sample function

3. Construct reproducing kernel basis



148© Christian Lessig, 2016

Tight function spaces

x



149© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content



150© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1



151© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



152© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



153© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



154© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



155© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



156© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



157© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



158© Christian Lessig, 2016

Tight function spaces

x

jump discontinuity: 
infinite frequency content

f̂(⇠) . |⇠|1

smooth region:

f̂(⇠) . |⇠|N , 8N 2 N



159© Christian Lessig, 2016

Tight function spaces

x

⇡
(
2lk, 2l⇠

)



160© Christian Lessig, 2016

Tight function spaces

x

⇡
(
2lk, 2l⇠

)



161© Christian Lessig, 2016

Tight function spaces

x

⇡
(
2lk, 2l⇠

)



162© Christian Lessig, 2016

Tight function spaces

x

⇡
(
2lk, 2l⇠

)



163© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



164© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



165© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



166© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



167© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



168© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



169© Christian Lessig, 2016

Tight function spaces

f(x) =
X

i2I
fi  i(x) ⇡

(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)



170© Christian Lessig, 2016

Tight function spaces

f(x) =
X

i2I
fi  i(x) ⇡

(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)
depends on 

image function



171© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x



172© Christian Lessig, 2016

Tight function spaces
⇡

(
2lk, 2l⇠

)

x

I



173© Christian Lessig, 2016

Image generation 



174© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)



175© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)



176© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)



177© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



178© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



179© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



180© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



181© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



182© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



183© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)
⇡

(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



184© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



185© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



186© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



187© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



188© Christian Lessig, 2016

Image generation 

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2

⇡
(
2lk, 2l⇠

)
1

⇡
(
2lk, 2l⇠

)
2



189© Christian Lessig, 2016

Image generation 



190© Christian Lessig, 2016

Image generation 



191© Christian Lessig, 2016

Image generation 



192© Christian Lessig, 2016

Image generation 



193© Christian Lessig, 2016

Image generation 



194© Christian Lessig, 2016

Image generation 



195© Christian Lessig, 2016

Image generation 



196© Christian Lessig, 2016

Image generation 



197© Christian Lessig, 2016

Image generation 



198© Christian Lessig, 2016

Image generation

1. Find (approximate) tight function space

2. Sample function

3. Construct reproducing kernel basis



199© Christian Lessig, 2016

Image generation



200© Christian Lessig, 2016

How many rays do we need?



201© Christian Lessig, 2016

How many rays do we need?

» As many as there are nonzero coefficients in the sparsest 
signal representation (times a small constant). «



202© Christian Lessig, 2016

How many rays do we need?

1. Find (approximate) tight function space

2. Sample function

3. Construct reproducing kernel basis

» As many as there are nonzero coefficients in the sparsest 
signal representation (times a small constant). «

Recipe:


