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Fluid simulation

o Incompressible Navier-Stokes equations:
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Divergence freedom

o Finite element approach:
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Fluid simulation

o Incompressible Navier-Stokes equations:

needs to be re-enforced
after every time step
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Fluid simulation

> Incompressible Navier-Stokes equations in vorticity form:

O | Lyw = vA
oy - W = VAW

V X U=w



Fluid simulation

> Incompressible Navier-Stokes equations in vorticity form:

B_w + L-w =1vAw

Ot
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Fluid simulation

o Representation of velocity and vorticity:

w(r) = Z u; G ()

€L
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Fluid simulation

o Representation of velocity and vorticity:

w(z) = ZQ(?E) V x ¢i(x) = (i()

=
d(x) =) |uii(x) V- i(x) =0
= -

Enforces much of the intrinsic
structure of imcompressible fluids
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Divergence freedom

o [Ime Integration:
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Fluid simulation

o How to construct divergence free basis functions?
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Fluid simulation

o How to construct divergence free basis functions?

A ¢ =\ b;

— Analytic form for simple geometries (square, disk, ...)

— Numerical computation for meshed domains
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Fluid simulation

o Divergence free basis functions for unit square:
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Fluid simulation

o Fluid simulation using Laplacian eigenfunctions:
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Fluid simulation

o Fluid simulation using Laplacian eigenfunctions:
+ Analytical divergence freedom
+ Efticient and simple (no pressure projection)

+ Plausible flows with few degrees of freedom
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Fluid simulation

o Fluid simulation using Laplacian eigenfunctions:
+ Analytical divergence freedom
+ Efticient and simple (no pressure projection)
+ Plausible flows with few degrees of freedom
— Fixed geometry

— Global support of basis functions (e.g. difficult
to resolve turbulent details)
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How to construct a local divergence
free representation for velocity?
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How to construct a local divergence
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How to construct a local divergence
free representation for velocity?

(that preserves all the other advantages)
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Divergence freedom
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Divergence freedom

|
|

43



© Christian Lessig, 2018

Divergence freedom

Fourier
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Divergence freedom

o Divergence free basis:
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Wavelets

forms a tight frame
in the spatial domain
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Wavelets

forms .-M

in the spatia omain\ ike an orthonormal
pasis but redundant
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets

o Spatial representation:
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o Spatial representation:



Divergence free wavelets

o Spatial representation:
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets

Proposition: U4 € Xgiv(R?)




Divergence free wavelets

Proposition: U € X aiv (R?) Finer and finer vortices
on finer and finer grids

—

(@(y) , Pin(y))|n (@)

© Christian Lessig, 2018



© Christian Lessig, 2018

Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets
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|sotropic vortices are
not well suited for

Divergence free wavelets

boundary flows
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Divergence free wavelets
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Divergence free wavelets

1;(5) = ... €
R,—/

window function compatible
with polar coordinates
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets

0(€) = —i4(0) h(I€]) &
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets
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Divergence free wavelets

Properties of directional divergence free wavelets:
' di 2

> Tight frame for L5V (R*)

o Closed form expression in spatial domain

> Quasi-optimal approximation of discontinuities
(under suitable assumptions)
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Divergence free wavelets
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Divergence free wavelets

error for upper half without
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Divergence free wavelets

error for upper half with
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Divergence free wavelets in RS
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Divergence free wavelets in
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Divergence free wavelets in RS

Proposition: Let T; be the basis vector for the
sphere for the longitudal coordinate for spherical
coordinate w.r.t to the i-th axis. Then

— @ - = AﬂalOgue of 6_)9
H = {7-1’ 12 7-3} on the spnere

forms a tight frame for T.,S= for all w € S*
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Divergence free wavelets in RS

o Divergence free wavelets:
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Divergence free wavelets in RS
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o Divergence free wavelets:
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Divergence free wavelets in RS

%

© Christian Lessig, 2018 106



Divergence free wavelets in RS

$3 X3

© Christian Lessig, 2018 107



Divergence free wavelets in RS

o Divergence free wavelets:
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Divergence free wavelets in RS

o Divergence free wavelets:
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Divergence free wavelets in RS

o Divergence free wavelets:



Divergence free wavelets in RS

o Divergence free wavelets:

© Christian Lessig, 2018 111



Divergence free wavelets in RS

© Christian Lessig, 2018 112



Divergence free wavelets in RS
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Divergence free wavelets

A S
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Divergence free wavelets in RS
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Divergence free wavelets in RS
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Back to the motivation
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Divergence free wavelets

o Tight frames for LSV (R"™

o |sotropic and directional functions

o Closed tform expression in spatial domain

> Quasi-optimal afproximation of boundary
conditions (in IR“, under suitable assumptions

o More details: https://arxiv.ora/abs/1805.02062
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